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Abstract

The paper presents a transformation of a multi-stage optimal
control model with random switching time to a vintage optimal
control model. Following the mathematical transformation the
advantages compared to a standard backward approach are dis-
cussed. The paper closes with a simple example on a climate
shock. The model is used to highlight the advantages of the ap-
proach relating to a feasible numerical solution, analytical insights
and the illustration of variables.
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1 Introduction

Optimal control models with an uncertain time horizon are the object of
intensive research interest from both a theoretical and an applied point of
view. In regard to the underlying approach, contributions can in principle
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be subdivided into two classes: i) optimal control models with random time
horizon and ii) multi-stage optimal control models.

Class i) comprises optimal control models that are deterministic in their
state variables but stochastic in the time horizon. The decision maker is
assumed to know the distribution of the terminal time (which is a random
variable) and can thus derive the expected objective function. Once the ran-
dom variable is realized the control model terminates and the decision maker
obtains some salvage value, possibly depending on the final state and the
terminal time. Class ii) comprises optimal control models with a change in
the dynamics and/or in the objective function at a certain switching time. In
this stream of the literature, the switching time is endogenously determined
by the decision maker.

We contribute to both streams of the literature by building a bridge be-
tween them. We assume a general model which changes the dynamics and/or
the objective function at a random switching time which is characterized by a
known distribution depending on the state and the control variables. Conse-
quently, this model can be seen as part of both streams. It belongs to class i)
as the switching time can be seen as the terminal time of an optimal control
model with a salvage value function equal to the value function of a second
optimal control model. It belongs to class ii) as the model is a multi-stage
optimal control model where the switching time is not a decision variable
but a random variable, the distribution of which depends on the state and
the control variables.

We formulate the model as an optimal control model with a random
time horizon and present a transformation to a deterministic vintage optimal
control model. This reformulation has the following advantages (for a deeper
discussion we refer to the end of Section 3):

1. Numerical solution: Whereas multi-stage optimal control theory does
not provide necessary optimality conditions for the model class we are
interested in, the theory of optimal control models with random ter-
minal time does. However, in many cases a numerical treatment is
computationally involved, as the solution up to the switching time in-
cludes an explicit expression of the post-switching value function in
terms of the state variables and time. Considering the model as a vin-
tage optimal control model, the numerical solution can be found with
established methods (see e.g. [58]).
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2. Analytical insights: If the model is treated as an optimal control model
with a random time horizon, the solution (if it can be found at all, see
the previous point) only describes the state and the control before a
switch happens. Information on the optimal behaviour after a switch
is only implicitly included in the post-switch value function. Our ap-
proach treats the stages before and after the switch simultaneously (i.e.
explicitly for any given point in time), which implies that the optimal
controls and the corresponding state functions relating to all possible
switching times follow directly from the model solution. This allows us
to derive and present the optimal behaviours and the state variables
consistently as functions of the model time and the switching time as
part of one and the same solution instead of having to combine them
one by one. It is then possible to characterize in a straightforward way
behavioural patterns and outcomes depending on the time passed since
the transition as well as on the point of time at which the transition oc-
curred, both aspects being of relevance in many relevant settings (see
the examples below). In addition, relevant control or state variables
can be weighted according to the intensity of the transition in order to
obtain a density of (optimal) behaviours and outcomes for every point
in time.

The idea of this reformulation has been briefly suggested in [59] (section 3.5,
page 232), but has not been presented in a formal and exhaustive way. As
part of this contribution, we develop the advantages of this method compared
to the classical formulation as an optimal control model with a random time
horizon.

To appreciate the importance of such models consider the following ex-
amples:

Innovation: While the probability of arriving at an innovation can be in-
fluenced by education (at individual or government level) or R&D in-
vestments (at firm or government level), the event of a technical break-
through remains a stochastic event. Some innovations have the power
to change considerably the dynamics of firms (e.g. new products; dras-
tic innovations which lead to the domination of the market) or soci-
eties (e.g. a carbon-free backstop technology; a vaccine that leads to
the eradication of certain infectious diseases, or a comprehensive anti-
cancer treatment).
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Security and crisis: (The threat of) terror attacks, foreign interventions,
or the prospect of civil unrest have the potential to change the dynamics
of societies and their governments. E.g. the terror attack at September
11 fundamentally changed internal and external security policies and
led to different behaviour of the population and firms. Likewise the
prospect of large scale arrival of refugees in the wake of crises abroad
has the potential to change patterns of economic development, political
attitudes and voting behaviours.

Environmental disasters/climate change: While the prevention of and
response to man-made environmental disasters (e.g. large-scale oilspills,
chemical or nuclear accidents) provides a long-standing context for such
analysis, the growing prospect of collapse of certain climate patterns
(e.g. a stand-still of the Gulf stream due to the erosion of thermal
differentials within the Atlantic ocean; a substantial weakening of the
jet-stream; or a polar melt-down) is adding a global scale to the issue.

Political shocks: With revolutions or landslide political change societies
can experience shock-like political events with potentially far-reaching
economic and social consequences. These experiences raise issues about
optimal patterns of investment in the prevention or arrival, for that
matter, of radical political change. Similar issues relate to the art
of ”brinkmanship”, where negotiations are structured in a way that
maximizes the domestic objective while at the same time containing
the risk of an international crisis.

The rest of the paper is structured as follows. In Section 2 a literature
review is provided. Section 3 presents the model and its transformation, first
to a deterministic optimal control model and subsequently to a deterministic
vintage optimal control model. Section 4 illustrates the method by way of
an application to an economic example relating to the prevention of climate
risks. The paper closes with Section 5.

2 Literature review

In the following, we will provide a brief review of the relevant literature.
[64] was one of the first authors to consider an optimal control model with
a stochastic terminal time. Since he assumed an individual life-cycle model,
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no salvage value function was included. The model in the seminal article
by [37] includes an optimal control model of machine replacement with a
random time horizon, where the failure rate of the machine can be reduced
by maintenance expenditure. At the point of break down, there is still some
positive salvage value. This model has been extended in numerous works,
e.g. [2], [50], [1], [27], [28]. For an overview we refer to [52] (section 9), [51] or
[5]. Closely related are piecewise deterministic optimal control models. This
literature started with [20], [60], and [47], [48].

The theoretical basis for optimal control models with random stopping
time has been provided by [12], [11], [54] and [17]. In these papers it is shown
that the stochastic optimal control problems can be refomulated as determin-
istic optimal control problems with infinite time horizon. This approach is
the starting point of our paper (see Section 3).

The number of possible applications of optimal control models with ran-
dom stopping time is considerable. To mention a few: environmental eco-
nomics (e.g. [4], [36]), economics of the firm (e.g. [21]), marketing (see e.g.
[13]), machine maintenance ([37] and followers).

In multi-stage optimal control models the time horizon consists of two
(or more) stages with different model dynamics and/or objective functions.
The switching time is a decision variable, possibly subject to switching costs.
The theoretical basis for this literature has been provided by [55], [56] and
[41]. For further theoretical contributions we refer to [9], [16] and references
therein. Recent applications include economics of the firm (e.g. [10], [49], [30]
and [57]), environmental economics (e.g. [42] and [9]), economics of open-
source software (e.g. [18]), models of drug prevention and corruption (e.g.
[19]) and labour and health economics (e.g. [15] and [40]).

We present a transformation of a multi-stage optimal control model with
a random switching time to a vintage optimal control model, which can be
equivalently formulated as an age-structured optimal control model. Early
models dealt with optimal harvesting from age-structured populations (e.g.
[32], [33], [34]). The Maximum Principles in these papers, however, were
specific to the problems. A general version of the Maximum Principle for age-
structured optimal contro models was first provided by [14], with [24], [53],
[59], and [38] adding further generalizations. Applications of this theory can
be found amongst others in economics (e.g. [22], [62], [6], [7], [8]), demography
and population dynamics (e.g. [23], [25], [63]), health economics (e.g. [39],
[40], [26]) and epidemiology (e.g. [31], [35] and [43], [44]).
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3 Transformation

In this section we first present the model and the deterministic representation
as derived in [12]. Then we continue with the transformation to an optimal
control model with vintage structure.

3.1 The model and its reformulation as a deterministic
optimal control model

Let us assume that the time horizon is separated by the switching time τ into
two stages, subsequently referred to as stages 1 and 2. The dynamics of the
model are defined by the following system of ordinary differential equations

ẋ(t) :=
dx(t)

dt
=

{
f1(x(t), u(t), t) for t < τ,
f2(x(t), u(t), t, x(τ), τ) for t ≥ τ,

x(t0) = xt0 , x(τ) = lim
t→τ−

ϕ(x(t), t) (1)

where x(t) ∈ Rn denotes the state and u(t) ∈ Rm the control variable re-
spectively (n,m ∈ N). We assume that f1 : Rn × Rm × R → Rn and
f2 : Rn×Rm×R×Rn×R→ Rn are piecewise continuous in x, u and t and
that ϕ : Rn×R→ Rn is piecewise continuous in x and t. (u(·), x(·)) is admis-
sible if the measurable control function u(·) and the absolutely continuous
state function x(·) solves the dynamical system (1) uniquely.

Let (Ω,Σ,P) be a probability space. F(t) (with corresponding density
F ′(t)) denotes the cumulative probability that the model has switched by
time t, i.e. F(t) = P(τ ≤ t). Then the switching rate, which is assumed
to depend continuously on the state and control variables of the dynamic
system, can be defined as

F ′(t)
1−F(t)

= η(x(t), u(t), t), (2)

where η : Rn × Rm × R→ R is a continuous function in x, u and t.
The objective functional is defined by

g(x(t), u(t), t) =

{
g1(x(t), u(t), t) for t < τ,
g2(x(t), u(t), t, x(τ), τ) for t ≥ τ.

(3)

Given a discount rate ρ the decision maker aims to maximize

E
[∫ τ

t0

e−ρtg1(x(t), u(t), t) dt+ e−ρτV ∗(x(τ), τ)

]
(4)
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with respect to u(t) subject to the dynamic system (1) and the intensity
rate of the switch (2) of the model. The decision maker already anticipates
optimal behaviour in stage 2, which is reflected by the optimal value of stage
2 defined as

V ∗(x(τ), τ) :=

∫ ∞
τ

e−ρ(t−τ)g2(x∗(t), u∗(t), t, x(τ), τ) dt, (5)

where the asterisks refer to optimal/optimized values.
Note that the statement of the stage 1 objective function in (4) is anal-

ogous to the objective function in [12] (equation (4)). The only difference
is that in [12] the decision maker faces an exogenous salvage value function
at τ , whereas in our case the model changes and the decision maker faces a
different optimal control model.

Considering the value of stage 2 as a function we can apply the reformu-
lation into a deterministic optimal control model with infinite time horizon
presented in [12] and obtain

maxu(t)

∫ ∞
t0

e−ρtz1(t)
[
g1(x(t), u(t), t) + η(x(t), u(t), t)V ∗(x(t), t)

]
dt

s.t. ẋ(t) = f1(x(t), u(t), t), x(t0) = xt0 ,

ż1(t) = −η(x(t), u(t), t)z1(t), z1(t0) = 1, (6)

where

V ∗(x(t), t) = max
u(s)

∫ ∞
t

e−ρ(s−t)g2(x(s), u(s), s, x(t), t) ds

s.t. ẋ(s) = f2(x(s), u(s), s, x(t), t), x(t) = lim
t′→t−

ϕ(x(t′)),(7)

with z1(t) being an auxiliary state variable. The interpretation is similar to
a survival probability, i.e. z1(t) is the probability that the switch has not
occured in the interval [t0, t). It enters the objective function (6) similar to a
discount rate, reflecting the decision maker’s anticipation that a switch will
occur at some point over the course of time. The value of the second stage
is included with rate η(x(t), u(t), t) at which the switch occurs at t so that
the model changes to stage 2 with the corresponding initial conditions.

Note that in (7) we slightly abuse the notation in the sense that V ∗ only
depends on x(t) and t, although the initial condition for stage 2 is defined
by evaluating ϕ in the limit (from the left) of x(t) during stage 1. ϕ can
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be understood as a function that transforms the state from stage 1 to stage
2, embracing in particular the scope for a jump. Consider, e.g. a state
that measures the level of infrastructure and a natural disaster occurring
at τ . Then limt′→t− ϕ(x(t′)) describes the infrastructure that has not been
destroyed at τ .

Note that stage 2 of the above model explicitly depends on the state
variable at the switching time. This can be an important feature of certain
models, as is demonstrated in the example of section 4. Considering stage 2
alone, the dependence on x(τ) shifts the trajectories of the canonical system
similar to an explicit dependence on t in a non-autonomous optimal problem.
I.e. even in an autonomous optimal control problem it is not possible to derive
one phase diagram of the canonical system which is valid for all states and
switching times.

The above optimal control models (6) and (7) can be solved with classical
optimal control theory (see e.g. [29]). The problem of the second stage is
straightforward if the state variable of stage 1 is given. However, a solution
of stage 1 requires the value function of stage 2 to be expressed as a function
of the state and the time. This is a difficult task even numerically. Since
the optimal control model is generally non-autonomous, the value function
cannot be expressed as the Hamiltonian divided by the discount rate for all
possible switching times (see Proposition 3.75 in [29]). Even if the optimal
control model is autonomous, the phase diagram and thus the Hamitonian of
the model switch when the objective functional and/or the state dynamics
depend on the state at the switching time, as generally they may do. In
Section 4 we present an example which exhibits this second property.

In order to address these difficulties, we present in the next subsection a
further transformation of the model that allows a representation of the model
as a deterministic vintage optimal control model. This has two advantages.
First, the model can be solved numerically with established methods (see
[58]). Second, the vintage optimal control representation allows a simultane-
ous solution of both stages. The result will represent the optimal behaviour
for any possible switching time and, therefore, affords a broader understand-
ing and additional insights into the solution.

3.2 Transformation to a vintage optimal control model

For expositional clarity, let us first change the notation of the state and the
control variable in stage 2. From now on we use v(t, τ) (y(t, τ)) for the
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control (state) variable at time t if the switch happened at τ (referred to as
vintage). Note that the dependence on τ is important here, since the value
of the control and the state will depend on it. Given a switch at τ , the state
dynamics during stage 2 reads

dy(t, τ)

dt
= f2(y(t, τ), v(t, τ), t, x(τ), τ), t ≥ τ,

y(τ, τ) = ϕ(x(τ), τ). (8)

Redefining the state in the second stage accordingly for every possible switch-
ing instant, i.e. ∀τ ≥ 0, and again abusing notation with respect to the initial
condition for the state, one obtains a state variable y(·) with vintage struc-
ture.

For the transformation of the general problem defined in (6) and (7) to
a vintage optimal control model, we first have to transform the objective
function. The following Lemma presents the resulting objective function
accounting for time t and vintage s, as defined in (8).

Lemma 1 For every admissible path of the control variable and correspond-
ing state trajectory the objective function (4) of the general model can be
transformed into

E
[∫ τ

t0

e−ρtg1(x(t), u(t), t) dt+ e−ρτV ∗(x(τ), τ)

]
=

∫ ∞
t0

e−ρt
[
z1(t)g1(x(t), u(t), t) +∫ t

t0

z1(s)η(x(s), u(s), s)g2(y(t, s), v(t, s), t, x(s), s) ds
]
dt. (9)

Proof of Lemma 1

Starting from the objective function (4) and its transformation into (6),
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we use the explicit expression of the value function of stage 2, i.e.

E
[∫ τ

t0

e−ρtg1(x(t), u(t), t) dt+ e−ρτV ∗(x(τ), τ)

]
=

∫ ∞
t0

e−ρt
[
z1(t)g1(x(t), u(t), t) + z1(t)η(x(t), u(t), t)V ∗(x(t), t)

]
dt

=

∫ ∞
t0

e−ρt
[
z1(t)g1(x(t), u(t), t) +

z1(t)η(x(t), u(t), t)

∫ ∞
t

e−ρ(s−t)g2(y(s, t), v(s, t), s, x(t), t) ds
]
dt

=

∫ ∞
t0

e−ρtz1(t)g1(x(t), u(t), t) dt+∫ ∞
t0

∫ ∞
t

e−ρsz1(t)η(x(t), u(t), t)g2(y(s, t), v(s, t), s, x(t), t) ds dt (10)

Now we can apply Fubini’s theorem for the second integral (changing the
order of integration) and obtain∫ ∞

t0

e−ρtz1(t)g1(x(t), u(t), t) dt+∫ ∞
t0

e−ρt
∫ t

t0

z1(s)η(x(s), u(s), s)g2(y(t, s), v(t, s), t, x(s), s) ds dt(11)

In contrast to the summation of the objective functional over time s for every
vintage t used in the previous expression (10) we change to the summation
of the objective functional of all vintages that are already active at t. For an
illustration see Figure 1, where the left panel corresponds to (10): summation
over time for the vintage starting at t; and where the right panel corresponds
to (11): summation over all active vintages at time t. This implies that the
discount factor in the second integral disappears and that vintage optimal
control theory can be applied. After rearranging terms we arrive at (9).

�

The reformulation of the objective function presented in the above Lemma
is crucial for considering the general model as a vinatage optimal control
model. To write (9) in a more compact form we introduce the aggregate
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Figure 1: Change in the direction of summation.

state Q(t) as sum of the objective functionals of all active vintages 0 ≤ s ≤ t
at t, i.e.

Q(t) =

∫ t

t0

z1(s)η(x(s), u(s), s)g2(y(t, s), v(t, s), t, x(s), s) ds. (12)

In other words Q(t) denotes the sum of all instantaneous utilities for all
possible regimes (i.e. all possible switches) up to time t weighted by the
probability for their realization at s ∈ [t0, t]. Here, the instantaneous utilities
at t may well depend on the state x(s) at the time of the switch. Thus there
are two time lags in theintegral, which complicates the use of the standard
form of the Maximum principle. To avoid this complication we define two
auxiliary state variables z2(t, s) and z3(t, s) in the following way

dzi(t, s)

dt
= 0, i = 2, 3, ∀t ≥ s,

z2(s, s) = z1(s)η(x(s), u(s), s),

z3(s, s) = x(s).

z2(t, s) denotes the probability that the switch happened at s, where z2(s, s) =
z2(t, s) ∀t ≥ s reflects the fact that for any vintage s this probability does
not change over time. Analogously, z3(t, s) denotes the value of the state
variable at the switching time s. Using this in (12) it is possible to eliminate
the time lag and write

Q(t) =

∫ t

t0

z2(t, s)g2(y(t, s), v(t, s), t, z3(t, s), s) ds. (13)
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Finally, Lemma 1 and the above calculations result in the following The-
orem.

Theorem 1 A multi-stage optimal control model with random switching time,
i.e. problem (4) subject to (1), (2) and (5), is equivalent to the following vin-
tage optimal control model.

maxu(t),v(t,s)≥0

∫ ∞
t0

e−ρt
[
z1(t)g1(x(t), u(t), t) +Q(t)

]
dt

s.t. ẋ(t) = f1(x(t), u(t), t), x(t0) = xt0 ,

ż1(t) = −η(x(t), u(t), t)z1(t), z1(t0) = 1,

dy(t, s)

dt
= f2(y(t, s), v(t, s), t, z3(t, s), s), t ≥ s,

y(s, s) = ϕ(x(s), s), ∀s ≥ 0

dzi(t, s)

dt
= 0, i = 2, 3, t ≥ s,

z2(s, s) = z1(t)η(x(s), u(s), s), ∀s ≥ 0

z3(s, s) = x(s), ∀s ≥ 0

Q(t) =

∫ t

t0

z2(t, s)g2(y(t, s), v(t, s), t, z3(t, s), s) ds. (14)

This problem can be solved with vintage optimal control theory ([14], [24]
and [53]) and established numerical methods ([58]).

The transformation of the multi-stage optimal control model with a ran-
dom switching time ((4) subject to (1), (2) and (5)) to a deterministic optimal
control model (6) enables the application of the standard Maximum princi-
ple for a given value function (depending on the state and time) relating to
stage 2 of the original problem. Thus the stage 2 problem has to be solved
first and used for the first order conditions of the original problem ((4) with
respect to (1)). This way of deriving the optimal solution will be referred to
as backward approach. As compared to this, working with the transformed
vintage optimal control problem (Theorem 1) has considerable advantages:

Numerical solution: Applying the backward approach makes it necessary
to calculate the value function of stage 2 depending on the state and
on time. This will probably be manageable (by deriving the stable tra-
jectories of the canonical system and evaluating the slice manifold, for
details we refer to [29]) if the stage 2 problem is autonomous and if the
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objective functional as well as the dynamics do not depend on the state
at the switching time, i.e. g2(x(s), u(s), s, x(t), t) = g2(x(s), u(s), s) and
f2(x(s), u(s), s, x(t), t) = f2(x(s), u(s), s). However, non-autonomity
and/or dependence on the state at the switching time might imply
huge numerical effort since the phase diagram will be shifted. Thus
the stage 2 optimal control problem would have to be solved for every
admissible state and every t. If the problem is solved in the vintage
optimal control form, the problem is solved at a single blow, since the
problem is not defined as two stages. By application of established
numerical methods (see [58]) the problem can be solved.

Analytical insights: In addition to the dynamics of the control variables
over time (in economic context called Euler equations), it is interest-
ing to depict the dynamics of the control across the range of switching
times. This is not possible with the backward approach, since stage 2
is represented by isolated optimal control problems. In the vintage op-
timal control formulation, however, this is possible since the switching
time is represented by the vintage. The dynamics of the control across
the switching time equals dv(t,s)

ds
. Furthermore the impact of stage 2

is included naturally in the first order condition of stage 1. Thus the
effect of both stages is jointly contained in the formulation of the first
order conditions.

Model illustration: Finally, the vintage optimal control approach offers
additional ways for illustrating the results of the model. The controls
as well as the states can be depicted not only along time but also
across vintages. It is thus possible to visualize the controls and states
at any point in time depending on the switching time, or equivalently,
depending on the duration since the switch. Furthermore it is possible
to plot the controls and states along time and age. The evolution along
time and switching time can be thus observed at a single glance.

In the next section we present a simple model of disastrous climate change
to illustrate the above transformation together with a numerical solution. We
will refer to the above points whenever they appear.

13



4 Example: disastrous climate change

So called integrated assessment models (IAMs) have been developed to study
the optimal level of climate change mitigation in order to determine the so-
cial cost of greenhouse gas emissions. DICE is one of the earliest, most
prominent IAMs and has been revised several times over the last decades
(the latest version being [45]). Most IAMs assume a deterministic damage
function where adverse economic effects are a function of endogenously de-
termined greenhouse gas emissions caused by production. In these models,
the decision maker chooses the optimal level of climate change mitigation
based on the gains (reduced damages from future climate change) and costs
(reductions in consumption). However, as is argued in [3], climate change
might occur abruptly and have large, possibly catastrophic economic impacts.
IAMs hence might not take into account important economic considerations
related to the possibility of catastrophic climate change, see [46]. The model
proposed here offers a simple framework to study extreme and abrupt cli-
mate change and optimal economic decisions before and after such a shock
occurs. In contrast to [61] who develops a two-stage model of large climate
change shocks, we are able to characterize optimal climate change mitigation
in continuous time with random time of the shock.

Within this section we use subscript (superscript) i to indicate variables
(functions) for stage i. In the stage before a climate shock takes place, re-
ferred to as stage 1, we have the following model. The economy produces out-
put with capital stock K1(t) according to the production function F 1(K1(t)).
This output can either be consumed c1(t) or invested to increase the future
capital stock. Furthermore output can be invested into an protective capital
stock D(t) to reduce the risk of a climate disaster and to reduce the nega-
tive impact of such disaster in the follow-up period, referred to as stage 2.
Investments into protective capital are denoted by p(t). Protective capital is
increased by investments h(p(t)) and depreciates at a constant rate δ. The
decision maker aims to maximize the stream of utility from consumption
u(c1(t)).

The climate shock is assumed to take place at rate η(D(t)). Consequently
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the model reads

max
c1,p≥0

E
[∫ τ

0

e−ρtu(c1(t)) dt+ e−ρtV ∗(D(τ), K1(τ))

]
s.t. K̇1(t) = F 1(K1(t))− c1(t)− p(t), K1(0) = K10, lim

t→∞
K1(t) ≥ 0,

Ḋ(t) = h(p(t))− δD(t), D(0) = 0. (15)

where V ∗(D(τ), K1(τ)) denotes the value of stage 2, which is defined sim-
ilarly. The difference is that production is less efficient than during stage
1 due to the negative effect of the climate shock, i.e. F 2(K,D) ≤ F 1(K)
(K > 0, ∀t). The negative impact is mitigated by the protective capital at
the time of the shock, i.e. F 2

D(·) > 0. Protective capital is assumed to be
fixed during stage 2, implying no further depreciation and the impossibility
of further investment. Then the stage 2 model reads

V ∗(D(τ), K1(τ)) = max
c2≥0

∫ ∞
τ

e−ρtu(c2(t)) dt

s.t. K̇2(t) = F 2(K2(t), D(τ))− c2(t),

K2(t) = K1(t), lim
t→∞

K2(t) ≥ 0. (16)

Concavity is assumed for the utility function, the production function and
the investment function into protective capital. While we believe most of
the assumptions to be reasonably realistic, we note that this is an academic
example aimed at a demonstration of the transformation methods and its
advantages and not necessarily at rendering a fully realistic representation of
the issue involved with a climate shock.

Applying the transformation described in Theorem 1, the model can be
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reformulated as the following vintage optimal control model

maxc1,c2,p≥0

∫ ∞
0

e−ρt
[
z1(t)u(c1(t)) +Q(t)

]
dt

s.t. K̇1(t) = F 1(K1(t))− c1(t)− p(t), K1(0) = K10, lim
t→∞

K1(t) ≥ 0,

Ḋ(t) = h(p(t))− δD(t), D(0) = 0,

ż1(t) = −η(D(t))z1(t), z(0) = 1,

dK2(t, s)

dt
= F 2(K2(t, s), z3(t, s))− c2(t, s), t ≥ s,∀s ≥ 0,

K2(s, s) = K1(s), lim
t→∞

K2(t, s) ≥ 0,

dzi(t, s)

dt
= 0, i = 2, 3, t ≥ s,∀s ≥ 0,

z2(s, s) = z1(s)η(D(s)), z3(s, s) = D(s)

Q(t) =

∫ t

0

z2(t, s)u(c2(t, s)) ds. (17)

To this problem the standard Maximum principle for vintage optimal control
theory can be applied, yielding the following first order conditions for the
controls (ensured to be positive by appropriate Inada conditions for u(·) and
h(·))

0 = e−ρtz1(t)uc1(c1(t))− λ1(t)

0 = λ2(t)hp(p(t))− λ1(t)

0 = ζ(t)z2(t, s)uc2(c2(t, s))− ξ1(t, s) (18)

and corresponding adjoint equations

λ̇1(t) = −λ1(t)F 1
K1

(K1(t))− ξ1(t, t)

λ̇2(t) = δλ2(t) + ηD(D(t))z1(t)[λ3(t)− ξ2(t, t)]− ξ3(t, t)

λ̇3(t) = η(D(t))[λ3(t)− ξ2(t, t)]− e−ρtu(c1(t))

dξ1(t, s)

dt
= −ξ1(t, s)F 2

K2
(K2(t, s), z3(t, s))

dξ2(t, s)

dt
= −ζ(t)u(c2(t, s))

dξ3(t, s)

dt
= ξ1(t, s)F 2

z3
(K2(t, s), z3(t, s))

ζ(t) = e−ρt
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where λi(t) (i = 1, 2, 3) denote the adjoint variables for the states K1(t),
D(t) and z1(t) respectively, and where ξi(t, s) (i = 1, 2, 3) denote the adjoint
variables for K2(t, s), z2(t, s) and z3(t, s) respectively. Finally, ζ(t) denotes
the adjoint variable for Q(t).

Since every vintage is isolated in the model (i.e. there are no external-
ities/spillovers), the transversality conditions for (time-dependent) optimal
control models with infinite time horizon can be applied. For this example
this implies

lim
t→∞

e−rtλi(t) = 0 for i = 1, 2, 3, (19)

lim
t→∞

e−rtξi(t, s) = 0 for s ≥ 0, i = 1, 2, 3. (20)

By deriving the first order conditions with respect to time or vintage we
obtain the dynamics of the control variables (for clearness the dependence
on time, vintage as well as on control and state variables is suppressed).

ċ1(t) =
(
ρ− F 1

K1

) uc1
uc1c1

− ηuc2 − uc1
uc1c1

(21)

ṗ(t) = − hp
hpp︸ ︷︷ ︸
>0

(
δ + F 1

K1︸ ︷︷ ︸
i

− hpξ3 − ξ1

e−rtz1uc1︸ ︷︷ ︸
ii

+
λ3 − ξ2

e−rtuc1
hpηD︸ ︷︷ ︸

iii

)
(22)

dc2(t, s)

dt
=

(
ρ− F 2

K2

) uc2
uc2c2

(23)

dc2(t, s)

ds
= − uc2

uc2c2︸ ︷︷ ︸
>0

(
− η︸︷︷︸

i

+
ηD
η
Ḋ︸ ︷︷ ︸

ii

− 1

ξ1

dξ1

ds︸ ︷︷ ︸
iii

)
(24)

Equations (21) and (23) are the consumption Euler equations of stage 1
and 2 respectively. While (23) is of the standard form which needs no further
discussion, (21) contains an additional term related to the climate shock. If a
climate shock at time t leads to a sudden collapse of production capabilities
and, thus, of consumption, such that c2 < c1, then the marginal utility of
consumption satisfies uc2 > uc1 . In such a case consumption is deferred (note
that uc1c1 < 0) and, thus, additional savings are accumulated, in order to
soften the shock-related drop in consumption.

According to (22) protective investment increases over time (i.e. is de-
ferred) in line with (ii) its current opportunity cost (the latter being the
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return to productive capital); and declines over time (i.e. is advanced) with
(ii) the excess value of protective capital over productive capital after the
climate shock, and with (iii) the net value of reducing the climate risk (note
that ηD < 0), with λ3 being the value of prevention (equal to the value of
survival in stage 1) and with ξ2 being the value of stage 2.

According to (24) the experience of a later shock (i.e. a higher s) implies
(i) a lower level of consumption due to the fact that more consumption has
been advanced due to the risk of a shock; (ii) a lower level of consumption
due to the accumulation of protective capital (the effect reverses if Ḋ < 0);
(iii) a higher level of consumption if the stage 2 value of productive capital is
smaller for later shocks (i.e. if dξ1

ds
< 0), or in other words if more productive

capital has been accumulated at a later arrival of the shock.
Note that the first three equations (derivatives with respect to time) can

also be obtained by the standard approach, while the fourth one (derivative
with respect to vintage) can only be obtained after applying the transforma-
tion into a vintage model. As already discussed in ’Analytical insights’ on
page 13 the derivative with respect to the vintage gives additional model in-
sight. To have expressions for the ”vintage” dynamics is important in many
applications, especially in economics. Although some variables cannot be
solved for in a closed form (since they are nested with other variables) it is
possible to disentangle the basic terms and to understand the transmission
channels through which shocks influence the system.

A numerical solution of this model based on the backward solution ap-
proach would be extremely involved even in this simple model. This is be-
cause the dynamics of the state variable of stage 2 explicitly depend on
the protective capital at the time of the shock (see ’numerical solution’ on
page 12). This becomes obvious when deriving the steady state capital stock
for vintage s, i.e.

K̂2(s) := lim
t→∞

K2(t, s) =

[
ρ

A2β

(
1− e−η̄D(s)

)−1
] 1

β−1

, ∀s (25)

Given that the switch has happened at s, the optimal solution of stage 2
then follows the stable trajectory leading to K̂2(s). Notably, the value for
K̂2(s) will vary with D(s), which makes it impossible (even for a fixed s) to
obtain the value function of stage 2 as a function of the Hamiltonian (see
Proposition 3.75 in [29]). Thus it is not enough to derive the slice manifold
for every possible switching time s, but one would have to derive the value
function separately depending on both s and D(s).
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In contrast, a numerical solution can be readily obtained for the vintage
formulation. We employ the following functional specification (the depen-
dence on t and s being surpressed)

η(D) = ηe−η̄D,

h(p) = pα,

u(ci) = cσi , i = 1, 2

F 1(K1) = A1K
β
1 ,

F 2(K2, z3) = A2K
β
2 (1− e−η̄z3),

with the following parameter values

α = 0.75, β = 0.5, σ = 0.75, η = 0.25, η̄ = 0.5, ρ = 0.03, δ = 0.2, A1 = A2 = 0.75.

Furthermore, we set the initial capital stock at K10 = 50.
The key outcomes are illustrated in Figures 2 through 6. Figure 2 plots

how consumption develops over time for stage 1 and for stage 2 depending on
τ = 5, 10, 15. As long as no climate shock occurs, c1(t) declines and converges
towards a steady state. At the point of a climate shock at τ , consumption
drops sharply. Although c2(t, τ) recovers afterwards, it converges to a new
steady state below the one of stage 1. The lower level of the consumption is
implied by the detrimental impact of the climate shock on productivity and,
thus, on total output.

[Figure 2]

However, the stage 2 consumption paths vary strongly with the timing of
the shock. While later shocks, represented by higher τ , are characterized by
a more pronounced instantaneous drop in consumption, consumption then
recovers at a higher rate and converges towards a higher steady-state level.
While the gradual conversion of physical capital into protective capital that
takes place during stage 1 (see Figure 5 below) leads to a sharper instan-
taneous decline in consumption for later shocks, late-arriving shocks benefit
the subsequent recovery of the economy by allowing a longer accumulation of
protective capital (see Figure 4 below), which serves to dampen the long-run
productivity impact of the climate shock.

The left panel of Figure 3 shows the consumption profile of stage 2 over
time and vintage (i.e. for every possible realization of the climate disaster).
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This Figure provides interesting information about the structure of the con-
sumption level of stage 2 (see paragraph ’Model illustration’ on page 13).
Specifically, it shows how the optimal behaviour during stage 2 varies with
the time of the climate disaster τ . Note that while this Figure can be plotted
directly after our transformation, it could only be developped under con-
siderable effort when using the backward solution. The right panel isolates
the consumption of stage 2 across the three vintages at time 5, 10 and 15.
It can be seen that at any point in time, the consumption level varies in a
non-monotonous way with the duration since the shock. If the shock has
just happened (corresponding to the respective RHS end points of the three
curves), consumption is low due to the instantanoeus impact of the shock.
By contrast, it is low (and sometimes lower) for early realizations of the
shock, where the low level of protective capital disallows a recovery of the
economy. Consumption is highest for intermediate realizations, for which (a)
there was sufficient time for recovery as opposed to later realizations of the
shock, while at the same time (b) the recovery process was more effective as
opposed to earlier realizations.

[Figure 3]

Figure 4 plots investments into protective capital (left panel) and pro-
tective capital (right panel) over time. Investments are very high at the
beginning, as the steady state level of the protective capital stock has to
be built up. The protective capital stock increases until the steady state is
reached.

[Figure 4]

Figures 5 and 6 plot various surfaces of the capital stock. The structure
is analogous to that of the consumption profile in Figures 2 and 3. The
capital stock of stage 1 decreases from a high initial value towards the steady
state value it would attain in the absence of a shock. In case of a climate
disaster the capital stock does not drop; however the production function is
less effective implying that a higher steady state capital stock needs to be
built up during stage 2. The level of this steady-state capital stock then
depends on the timing of the shock: early shocks for which the impact on
productivity was strong and lasting due to a low level of protective capital
inhibit even the long-run accumulation of physical capital, leading to a lower
steady state level.
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[Figure 5] [Figure 6]

Figure 5 mirrors the insights from Figure 3. Similar to consumption, the
stage 2 level of the physical capital stock depends in a non-monotonous way
on the duration since the shock. A short duration since the shock (i.e. at the
RHS end points of the three curves) implies that very little physical capital
could be accumulated, starting from a low level. By contrast, a long duration
since the shock implies a comparatively slow rebuilding of the capital stock
due to a strong permanent decline in capital productivity for early shocks.
Once again, the capital stock is highest for intermediate durations, where the
time available for capital rebuilding and its effectiveness are well balanced.
Recall that the time and scope for capital rebuilding also explains the stage
2 allocation of consumption.

We conclude by recalling that the presented numerical example misses
important modeling features as well as the necessary calibration that would
allow it to explain properly the economics of climate shock. With the present
example predominantly serving to illustrate how the transformation of a
multi-stage model with random switching time into a vintage optimal control
model can be usefully applied, we relegate to future work the formulation and
analysis of a more realistic model.

5 Conclusions

The paper considers multi-stage optimal control models with a random switch-
ing time. Although the model can be transformed into a deterministic op-
timal control model a la Kamien-Schwartz, the numerical solution remains
involved in particular if the objective functional and the state dynamics in
general depend on the state evaluated at the switching time and on the
switching time itself. Transforming the model into a vintage optimal con-
trol model allows to derive the solution of both stages simultaneously. This
is a considerable numerical advantage. Moreover, the vintage optimal con-
trol formulation offers additional analytical insights as well as possibilities to
illustrate the results.

Naturally, the assumptions concerning the switch can be extended in
various ways. In future work we intend to allow for multiple switches, where
we need to distinguish whether the switches are independent or whether they
are linked through model states. Another important extension involves the
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modeling of a distributed impact of the switch. In our example of a climate
shock, for instance, not only the arrival of the shock is random but also its
severity. The distribution of severity (for different arrival dates) would then
have to be considered as an additional part to the control problem.
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Figure 2: Consumption of stage 1 and stage 2 for τ = 5, 10, 15 over time
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Figure 3: Consumption of stage 2 over time and vintage (left panel) and
accross vintages (right panel)
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time
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Figure 5: Capital stock of stage 1 and stage 2 for τ = 5, 10, 15 over time
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Figure 6: Capital stock of stage 2 over time and vintage (left panel) and
accross vintages (right panel)
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