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Simple example
1. Population dynamic:


p
ṗ = αp 1 −
K
2. Type of control:


p
ṗ = αp 1 −
− u,
K

p
− up
ṗ = αp 1 −
K
3. Objective of control: to maximize

u

or

ux ,

respectively

The result is the same but the rst mode of control leads to
unstable dynamic, while the second one leads to the steady state of
the population and its long run optimal exploitation.
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A population has area S 1 and complete recovery between successive
cycles of exploitation (annual use of grassland, pastures,...)
ẋ = v (x, u),

with u ∈ U

The objective function could be either
limT →∞

1

ZT
ρ(x(t))dt

T
0

or limT →∞

1

ZT
ρ(x(t))φ(x(t), u(t))dt

T
0

Periodic harvesting with complete recovering II

Theorem

For a generic suciently dierentiable case with v > 0 there exists
no more then one optimal cyclic motion (A.D., 2005).

Theorem

For a continuous control system and prot density on the circle, the
maximum averaged prot on innite horizon always can be provided
by level cycle or by staying at stationary point (H.Matos, A.D.,
2007).
Generalization: C.Moreira, T.Shutkina
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Eciency optimization for the cyclic use of

a renewable resource

Population area D is S 1 or D ⊂ Rn .
pt (t, x) = (a(x) − b(x)p(t, x))p(t, x), b ≥ b0 > 0.

With period T >R 0 in D there is distributed harvesting density
hk = h(x) ≥ 0, h(x)dx ≤ E with outcome prot
D

Z
Pk =
D

p(tk , x)(1 − e −γ(x)h(x) )dx

Periodic harvesting with partial recovering II
Harvesting eciency for N steps is

N
P

EffN :=

Pk

k=1

N ·E

Theorem

For given positive period T > 0, eort E , initial distribution
p = p(0, x) and selected density h the value J(h, E ) is correctly
dened, namely,

J(h, E ) =

1

Z

E


P∞ (x) 1 − e −γ(x)h(x) dx,

D

n a(x) e a(x)T − e γ(x)h(x) o
.
P∞ (x) := max 0,
b(x)
e a(x)T − 1

Problem is to get maximum J(E ) of J(h, E ) by selection of h.

Integrant for limit distribution

The integrant graph (dashed line) and several congurations of
leftmost maximizer with restriction to [h1 (x), h2 (x)] (solid line).

Harvesting in the presence of diusion I
Population dynamic is either
(A) pt = pxx + a(x)p − b(x)p 2 − u(x)p,

p = p(t, x),

or
(B) pt = pxx +a(x)p−b(x)p 2 −u(x)p,

where

p(kT +, x) = p(kT −, x)u(x),

x ∈ S 1 ; a, b ∈ C 0 , b > 0,

an admissible controlu, 0 ≤ U1 ≤ u ≤ U2 , is measurable, U1 , U2 ∈ C 0 .

The questions are about the existence of nontrivial stationary
solutions, stability and optimization of them.

Harvesting in the presence of diusion (A)
Theorem

For any admissible control there exists stable stationary
nonnegative solution.
Consider objective functional
¯ T →∞
lim

1

ZT Z
p(t, x)dx

T
0

S1

In the presence of global attractor of nonzero solutions the possible
maximum of this functional values is
Z
sup
u

Theorem

u(x)p∞ (x)dx
S1

There exists admissible control u provided maximum averaged
prot (on the respective stable stationary solution p ).

Harvesting in the presence of diusion (A)

A suciently big positive constant is supersolution for the equation
operator, which is monotone on initial data. If the principal
eigenvalue λ for the problem
−α(x)φxx − (fp (x, 0) + u(x))φ = λφ

is negative then zero solution is unstable, and stationary
nonnegative nonzero solution is global attractor. But if lambda ≥ 0
then zero solution is global attractor. (Berestycki at all 2005)

Harvesting in the presence of diusion (A)

The objective functional is bounded. Hence there exists exact
upper bound of its values on the attractors and sequences {uk } and
{pk }, which provides this bound by k → ∞.
Selection of {pks } and {uks }, which converge respectively uniformly
with derivatives and weakly respectively. The derivative of limit
0 satises the Lipschitz condition.
function p∞
Hence there is admissible control provided the limit solutions p∞ .

Thanks for the attention

