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ABSTRACT 

Using multiport beam splitteis it will be possible to study Eiustein-Podolsky-Rosen 
correlations in higher dimensioDal Hilbert space. As an explicit example we present the 
design and theOiy of a tritter, which is a multiport beam splitter With tlu= input ports and 
t1u= output ports, such that any amplitude incident at one input port is distributed equally 
over the output ports. We will then show the results for a two-photon, two-tritter experiment, 
where novel Einstein-Podolsky-Rosen correlations occur. 

1. Introduction 

All experimental work concerning the Einstein-Podolsky-Rosen Paradox1 and Bell's 
theorem2 thus far is restricted to two-particle (in most cases two-photon) entangled states 
where the correlations can effectively be descn"bed by restricting the analysis to a Hilbert space 
of dimension 2 for each particle. These states can be two polarization states as proposed 
initially by Bohm3 and first employed in an experiment by Freedman and Clauser\ they can be 
two momentum eigenstates as in the experiment proposed by Home and Zeilinger and per­
formed first by Rarity and Tapster6, or, they can be two states whiclt took beam paths of 
markedly different length on their way from the source to the detector as proposed by 
Franson7• This latter experiment has now been performed by various groups8, the most con­
clusive experiment wbiclt showed a striking violation of a Bell-type inequa,lity is due to Kwiat, 
Steinberg and Cbiao9. ' 

There are two obvious routes for generalization. One is to consider more than two 
particles, the other is to analyze the case of more than two states available to each particle. 
The generalization to more than two particles has led to some new insight into the difference 
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between quantum mechanics and local realistic theories10• But, due to the unavailability of 
coherent multi-particle sources this bas not as yet resulted in an experiment. 

In the present paper we would like to focus our analysis on another generalization. 
This is the case where each particle bas more than two states available. The correlations are 
then defined in Hilbert spaces of higher dimension11• It is obvious that a possible route to 
generalizing EPR correlations to systems of higher dimension would be to investigate spin 
correlations between particles with spin-1 or higher (with the obvious and notable exception of 
the photon or other massless particles which have only 2 polarisation states.) Again, since at 
present there exist no sources for correlated particles of higher spin, such investigations based 
on spin correlations are purely theoretical to date12• 

This paper shows how to obtain such EPR correlations in more than two dimensions in 
real experiments. Such experiments are based on both the availability of parametric down­
conversion as a source for highly correlated two-photon states13 and on the use of multi-port 
devices14• Finally, we present some theoretical predictions for the novel correlations expected. 

2. The Beam Splitter as a Four-Port Device 

The beam splitter is a central element of many experiments in quantum optics. A 
general beam splitter bas two input ports and two output ports (Fig. 1). Fonnally it may be 
described by a unitary operator in a two-dimensional Hilbert space. We should note here that 
for the present paper we deliberately adopt an explicit Hilbert space formalism because it is 
equally well suited for describing a beam splitter operating for any type of particle. be it 
electrons, photons, atoms or neutrons, to name just those types of radiation for which quantum 
interference experiments with beam splitters have been performed so file. 

a a' 

b b' 

Fig. 1: A general beam splitter bas two input ports and two output ports. 

The general beam splitter pure input state is a superposition 

(I) 

where Ia > and lb > describe a particle in beam a or b (see Fig; 1) respectively. We assume 
the normalization lfiQ lfiQ *+lf/6 lf/6 •= I. LikewiSe the general output state is the superposition 

llfl'>= v/,.la'>+~lh'> (2) 

in obvious notation. Input and output states may equally well be written in matrix notation as 
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(3) 

The general beam splitter operator U then couples 'f/ to If', 'f/ = Ulf' with u+ U =I. 
We restrict ourselves now to 50-SO beam splitters. This means that a particle incident 

at any of the two input ports of a symmetric beam splitter has the same probability p = 1/2 to 
be found in any of the two output ports. It is well known that such a beam splitter is defined 
only up to arbitrary phase factors in the input and output ports15• 

Two possible 50-50 beam splitter operators are for example 

u 1 (1 1) u 1 (; 1) '=12 1 -1 or • =12 1 i (4) 

where U, represents a time-symmetric beam splitter and U, represents a spatially symmetric 
one. The two beam splitters can be converted into each other using tr phase shifts in one input 
and one output port, i.e. 

( -i 0) (1 0) 
U,=o tu•o;· (5) 

The .two beam splitter operators imply different transition rules for incident beams. 
These are 

la>=>-Jr{!a'>+lb')} 

Ia>=> ~{tla'>+lb'>} 

lb>=>-Jr{la'>-lb')} for U,, 

lb>=>-Jr{la')+ijb')} for u •. (6) 

The first beam splitter implies no phase change upon reflection ftom one side while reflection 
from the other side implies a phase change of 11:. The second beam splitter operator implies 
that both reflected beams acquire a phase shift of 7C/2 upon reflection. 

We note here that beam splitters are just special cases of 4-port devices. Another 
example of a 4-port device would be a Mach-Zebnder interferometer. 

3. Two-Partiele Two-State Systems 

Using these rules it is now easily possible to calculate the results of a two-particle two­
state EPR-Bell experiment as shown in Fig. 2. A source emits two particles in the state 

(7) 
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a' d' 

b' 

'Fig. 2: Principle of a two-particle, two-state EPR-Bell experiment using beam splitters. 

Here and below the first ket in a product always refers to particle 1 and the second to particle 
2. Also, e.g., !a}lc} implies the tensor product ~}®lc) etc. The beams a, b, c, d may then be 
subject to the phase shifts a, p, z, o such that the state becomes 

(8) 

with z= P+ o- a- y. Applying now the beam splitter rules (6) and, analogously, 

(9) 

one obtains for the joint probabilities for two detectors to register the particles in coincidence 

1 
p(a',c') = p(b',d') =2cos2 (z/2) 

p(a',d') = p(b',c') = ~sin2 (z/2)· (10) 

Thus, perfect correlations arise for 

z=mr· (11) 

For odd n detector a' fires in coincidence with detector d' and detector b' fires in 
coincidence with detector c' while for even n the coincidences are a'- c' and b'-d'. These 
two different types of coincidences are represented in Fig. 3. In other words, for these 
parameter settings the path taken by a particle after its beam splitter is an Einstein-Podolsky­
Rosen element of reality, i.e. firing of any one individual detector for one particle allows one to 
predict with certainty which detector will register the other particle. 

These perfect correlations can be characterized via a value-assignment procedure 
introduced by Bell. The poSSible results obtained on either side are named A and B, and they 
are assigned the values ±1. It then follows that the two cases of perfect correlation are 
signified by AB = + 1 and AB = -1 respectively. We call these values Bell numbers. We notice 
that one of the beam splitter operator representations (U,) just contains Bell numbers ( + 1 and 
-1 for the two dimensional case). It will be seen later that for multiports the generalization of 
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Bell's value assignment procedure is quite interesting. Furthermore, in any dimension there are 
always multiports whose unitary representation contains only Bell numbers. 

A B A B 
+1 +1 +IX -1 

-1 -1 -1 +1 

A·B=+1 A·B=-1 

Fig. 3: Possible perfect correlations for the case of an experiment as shown in Fig. 2. The results A, B on either 
side can be + 1 or • 1, depending on which detector in which outgoing beam registers a particle. The 
perfect correlations can be sigoified by either A · B = + 1 or A • B = -1. 

We should mention that the results of this section are basically known. They were 
repeated here in order to prepare the reader for the less familiar situations in the following 
sections. An experimentally available source which prepares the two particles in the entangled 
state ofEq. (7) is a non-linear crystal where through the process of spontaneous parametric 
down-conversion an incident photon may split into 2 photons oflower energy. 

4. The Tritter as an Example of a Multiport Device 

In this section we first introduce the general concept of multiports and then we give 
some explicit examples. A general multipart has L input ports and M output ports* and is 
called N-port (N=M+L). For simplicity we restrict our considerations to symmetric N­
ports which are defined as having an equal number of input ports and output ports 
(L = M = N /2) and, furthermore, which operate such that a single particle incident on any 
individual input port has equal probability (Le. p=lfM=2/N) to be found in any specific 
output port. This is the generalization of the generic beam splitter discussed in section 2 
above. We propose to call symmetric multiports "Critters" and specifically a critter with 
L = M = 3 is called a Tritter, one with L = M = 4 is a Quitter16 etc. 

Lossless symmetric multiports (critters) can be represented by unitary operators in an 
M -dimensional Hilbert space. Again, as was the case for the conventional besm splitter, there 
are many physically possible critters, but, as opposed to the beam splitter case, it is not always 
possible to transform all types of a specific critter (i.e. symmetric N -port with a given N) into 
each other by merely supplying external phase shifters or relabelling output ports17• 

Let us consider explicitly the tritter. The general input and output states are (Fig. 4) 

or, in matrix notation, 

IV'}= V'.,ja)+ V'blb}+ V'clc} 

IV">= vtJr'}+ vi bib'}+ vlclc'). (12) 

*In general some physical ports can wodt both as input 8lld OUipUt ports (viz. the Michelson interferometer). 
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~·[~) and ~·[~:} 
(13) 

a a' 

b b' 

c c' 

Fig. 4: A generic tritter is devised with tluee input ports and tluee output ports such that an amplitude incident 
on any one of the input port excites any of the output ports equally. 

Again, a unitary operator couples the output state to the input state, 

(14) 

This unitary operator can now be represented by a 3 x 3 matrix where the modulus of each 
matrix element is 1/ .J3. Here again and for all critters it is possible to absorb any phase tactors 
of the first row into phases of the input beams and to absorb any phase tactors of the first 
coiumn into phases of the output beams. Such a representation of a multiport only contains 
"1" in both the first column and the first row. We will call such a representation canonical. 
Thus, the general tritter operator can be written as 

(1 1 1) 
U=-1- 1 tp tp* 

.J3 1 • tp tp (15) 

with If'! = 1 and tp + tp* ::: -1. The only two posstble choices for tp are tp = a and tp = ti with 
a=e2fll/3. 

Thus the tritter operator has two canonical representations, either 

(16) 

The transition rules for incident beams therefore are 
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(17) 

for the tritter rule UT. For u; the roles of a and a2 are just interchanged. Note also that 
UT -t = u;. and that the two different types oftritter can be converted into each other by an odd 
number of permutations of rows or columns, e.g. 

(1 0 0) 
u;= o o 1 uT. 

. 0 1 0 (18) 

These results imply that sequential ammgement of tritters does not lead to new 
nontrivial tritters. In other words, given some tritter one can obtain any tritter by changing 
external phases and by a permutation of input and/or output ports, which may simply be 
achieved for example by flipping two output ports. Physically, there are many different 
possibilities of realising a tritter. A specific type with parallel input beams and parallel output 
beams is shown in Fig. S. One can easily see that a tritter has more adjustable parameters than 
a beam splitter. These are the reflectivities of the partially reflecting mirrors and the nontrivial 
phase in the internal loop ofthetritter. 

a 

Fig. S: Possible realization of a tritter using partially reflecting mirrors and a nontrivial intemal phase ; = 0, tr. 

Turning to higher multiports the number of experimentally adjustable nontrivial 
parameters grows quadratically with the number of ports. One of the most interesting results 
for higher multiports is the existence of distinct classes which cannot be transformed into each 
other by just changing external phases and by permutation of input and/or output ports. We 
leave a detailed discussion to a forthcoming paper. 

S. Two-Particle Three-State Systems 

It is evident that with multiports a large number of novel experiments in quantum optics 
become possible. Because of the availability· of down-conversion photon sources, we only 
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discuss here the case where a two-particle source is employed. Assume that such a source 
emits two particles in the state 

(19) 

Again, the first ket in a product state refers to particle 1, and the second to particle 2. The 
beams a,b,c,d,e,f are subject to the phase shifts a,p,y,O,e,(, respectively, and thus the 
state evolves into 

(20) 

withz=P+s-a-oand fJ= r+(-a-6. 
Suppose now that the three beams excited by particle 1 are fed into a tritter and 

likewise the three beams excited by particle 2 are fed into another tritter (Fig. 6). Clearly the 
final state is then obtained by applying the appropriate tritter operator Eq. (16) to state (20). 
Instead of writing down the final state explicitly, we focus on the count rates and on the 
correlations to be expected. 

a'--(~-­

b'--(~­

c'--(~--

TRITIERB 

-~}-d' 

-~)--e' 

--+}-f' 

TRITTERA 

Fig. 6: Principle of a two-tritter, two-photon EPR experiment. In a practical realization the source can be 
parametric down-conversion. 

The unconditional probability to detect a particle in any of the detectors is a constant. 
e.g. p(a') = 1/3. The independence of any of the phases inserted between source and tritters is 

· a consequence of the initial entanglement. Certainly this does not hold anymore for the various 
joint probabilities of detecting a particle in a given detector on one side together with detecting 
the other particle on the other side. These joint probabilities are: 

p(a',d')= p(b',j')= p(c',e')= 2~[3+2cosz+2COSqJ+2cos(qJ-z)), 

p(a',e') = p(b',d') = p(b',j') = 2~ [3+2cosz' +2cosqJ' +2cos(qJ'-z')] 

withz' = z+2~r/3, fJ' = qJ-2~r/3 

p(a',j') = p(b',e')= p(c',d')= 2~[3+2cosz" +2cosql' +2cos(fJ"- z")] 

withz" = z-2nf3, fJ" = fJ+2~r/3 (21) 
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and where, e.g., p(a',e') is the probability to simultaneously detect a particle in detector 
a' and a particle in detector e'. 

The joint probabilities of Eqs. (21) have a number of remarkable features. It is easy to 
show that all these probabilities are nonnegative and their maximum value is 1/3. This may be 
understood by analyzing for example the case where the first equation attains its maximum 
value which occurs when z,fP= 2mr. Then p(a',d') = p(b',f') = p(c',e') = 1/3 and all other 
joint probabilities vanish. This implies that if the phases in the two-tritter two-particle inter­
ferometer are set to these values then perfect correlations arise, and thus Einstein-Podolsky­
Rosen elements of reslity may be introduced. Explicitly, it: say, detector a' fires and the 
phases are set to the parameters just mentioned we can predict with certainty that the other 
particle will be registered by detector d'. Likewise, if particle 1 is registered by detector 
b'(c'), particle 2 will be registered by detector /'(e'). Thus, while it is always maximally 
uncertain which detector will register either of the particles, it is known with certainty which 
detector will register the second particle once the first particle has been observed, as long as 
the phases are set according to the above condition. 

Another set of similar perfect correlations arises if the phases are set such ~ 
z',(/1=2mr. Then the joint probabilities are p(a',e')=p(b',d'}=p(e',j')=l/3 with all 
others being zero. Here again perfect correlations occur but now between different detectors 
than before. Finally, a third set of perfect correlations arises for z",(/1' = 2mr, then 
p(a',j') = p(b',e') = p(c',d') = 1/3 with all other joint probabilities vanishing. Fig. 7 shows 
these three possible ways of perfect correlations. Note that of the six possible one-to-one 
combinations between detectors on either side only three combinations are realized for perfect 
correlations. Here we should note the fact that these types of perfect correlations arise 
whenever we use the same tritter on each side (either the one represented by U T or the one 
represented by u;). In case we chose to use different types oftritters on the two sides, the 
other three types of perfect correlations occur, with the original three now being excluded. 

A B A B 

:l~:l 
1~1 

a oo------oa 

I o>--..;._---o 1 

A-B=a A-B=+l 

Fig. 7:Perfect correlations occurring in an experiment of the type of Fig. 6. The n:solts on eitber side are best 
characterized by assigning them the value A,B = a, a2 ,1, where a= e2tdf3. The tbree cases of perfect 

correlations occurring are then signified by A· B = a, a2 ,1. 

The three types of perfect three-state correlations may be signified in the same way by 
value assignment as it was done originally by Bell for two-state correlations. One might be 
tempted to assign the values +1,0,-1 to the three possible outcomes on each side. Such a 
procedure does not succeed because, when calculating the product AB, if A is again the result 
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for one particle and B the result for the other, appearance of a "0"-result always leads to 
AB = 0 independent of which type of correlation occurs and thus information is lost. A rather 
elegant procedure of value assignment is to choose a, a 2 , a 3 (with a=e2"'13) for the three 
possible outcomes on either side. It then follows that the three cases of perfect correlations are 
signified by AB = a, a2, 1 (see Fig. 7). These numbers are now the Bell numbers for a three­
dimensional Hilbert space. 

In general, for the case of correlations between two particles, where each one is defined 
in an M -dimensional Hilbert space, at most M cases of perfect correlations (where EPR­
elements of reality may be introduced) occur with a given set of multiports. It is thus natural 
to generalize the procedure just given by assigning the values A,B = e211hrlltl n = 1,2, ... M to 
the results in order to signify the cases of perfect correlations by AB = e2111a'JM. As we will 
show in a forthcoming paper there is always at least one case of a specific multiport for any M 
where this procedure succeeds. But, we should point out, for M}3 these are also cases where 
this procedure tiils. Obviously the case M = 2 as analyzed originally by Bell is just the most 
simple nontrivial case. This is the reason why we propose to call these general numbers used 
in value assignment Bell-numbers. 

Concluding this section we note that besides introducing EPR elements of reality the 
way just given, one can also apply a generalized Bell inequality to the two-tritter correlations18 

thus providing the first feasible test for Bell's theorem for pairs of spins higher than 1/2 via an 
optical analog. 

6. Concluding Comments 

In general, an experiment using multiports which are fed the two correlated photons 
created in the process of parametric down-conversion provides a generalization of EPR 
correlations to Hilbert spaces of higher dimensions. These correlations are fully analogous to 
those between two particles with higher spin. Thus they are expected to give new interesting 
results going beyond those realizable in spin correlations between two spin-1/2 particles or two 
photons. A specific example lire those correlations which are necessary to establish the Bell­
Kochen-Specker paradoxi9. Using two correlated particles each defined in a higher­
dimensional Hilbert space it is possible to establish the results for each individual measurement 
utilized in the Kochen-Specker argument as Einsteiil-Podolsky-Rosen elements ofreali.ty20. It 
is evident that using multiports together with a down-conversion photon source can provide 
immediate experimental realization of such correlations. 

This work was supported by the Austrian Science Foundation FWF, project No. S6502 
(Schwerpunkt Quantenoptik), and the US National Science Foundation, grant No. PH¥92-
13964. 
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