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A B S T R A C T   

Modern electronics, micromechanical devices and applications demanding high reliability to weight or cost ratio 
consist of various combinations of multilayered thin films on rigid and compliant substrates, whereas the used 
materials can differ in their mechanical properties. In recent years, differences in the elastic moduli and Poisson’s 
ratios of such structures are becoming more pronounced. Therefore, a strong push to investigate interface sta-
bility with a more in-depth view on the elastic material properties mismatch influence is needed. Measurements 
of the adhesion of thin films on different substrate materials can be easily performed by the spontaneous buckling 
method described by Hutchinson and Suo. However, the original approach assumes several simplifications. One 
is to omit the changes of the influence of the elastic mismatch between the thin film and substrate on the basis of 
small variations in then-used materials, which is not true for modern materials combinations with vastly different 
elastic properties. The elastic mismatch on the interface between two different materials can be described by the 
Dundurs parameters. In this work, finite element modelling is combined with analytical solutions according to 
general description of the original model to extend the usability of the Hutchinson and Suo method for use with 
more different materials with higher accuracy. Obtained results point out the fact that disregarding the Dundurs 
parameters introduces significant errors in evaluating adhesion energy in relation to loading mode, proving the 
necessity to properly include elastic mismatch.   

1. Introduction 

In recent years, there were significant advances in the wearable and 
flexible electronics industry for applications in medicine and biome-
chanics [1–6], electronic devices [7–12] and protective coatings 
[13–17] in terms of the use of the thin films and coatings. One common 
factor of the somewhat different fields of applications is the use of a wide 
range of materials and their diversity in terms of the elastic material 
properties. To achieve a satisfactory function and reliability of the de-
vice made out of modern materials, there is a high demand on material 
engineering. In a flexible component, such as a bio-sensor plate or 
bendable display, there is always a combination of a compliant substrate 
material and a metallic or ceramic thin film, usually stacked in 

numerous layers. The protective coating applications demand the use of 
hard, rigid thin layers on more ductile or brittle substrates. Even though 
the used materials can be engineered to have high strength and reli-
ability with dimensions on the micro- and nano-scale, there is still a need 
to ensure a strong bond between the film and substrate, where the 
interface between the film and substrate is considered to be a “weak 
link”. The interface susceptibility to damage may be even more pro-
nounced when strongly dissimilar materials are used in combination 
with various loading regimens and/or harsh environmental conditions 
(large strains, temperature changes, etc.). Therefore, a special effort to 
investigate the strength and reliability of thin film – substrate interfaces 
is needed. Moreover, the mentioned modern applications bring more 
attention to the material property mismatch, which can be described by 
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the Dundurs parameters [18,19]. It is important to note that Dundurs 
parameters α and β have been the backbone of thin film fracture me-
chanics, but are generally rooted in metal/ceramic interfaces [20–24] 
rather than metal/polymer or ceramic/polymer interfaces. The Dundurs 
parameters are defined by the thin film and substrate shear moduli μ1 
and μ2 and their Poisson’s ratios ν1 and ν2, respectively: 

α =
μ1(1 − ν2) − μ2(1 − ν1)

μ1(1 − ν2) − μ2(1 − ν1)
,

β =
1
2

μ1(1 − 2ν2) − μ2(1 − 2ν1)

μ1(1 − 2ν2) + μ2(1 − 2ν1)
.

(1) 

Different methods for measuring thin film adhesion energy can be 
used. A buckling delamination can be initiated by controlled indentation 
[20,25,26], requiring rigid substrate, tensile-induced buckling [27–29], 
requiring compliant substrate or by a straightforward method called the 
spontaneous buckling-delamination by Hutchinson and Suo (H&S) [20], 
exploiting the spontaneous buckling delamination due to high 
compressive stresses in the film, whereas its usability was demonstrated 
for different film-substrate systems (see e.g. [25,30–32]). The model is 
based on Euler’s solution of the elastic beam [33] applied on the one- 
sided blister of the thin film formed due to the compressive residual 
stress stored in the film. 

The compressive stress in the thin film can be either specifically 
tailored for the purposes of the adhesion measurement by control over 
the deposition parameters, through the addition of a stressed overlayer 
[32], thermal loading [31] or as a by-product of the thin layer fabrica-
tion (e.g. thermal expansion coefficients mismatch or side effects of the 
specialized method used for film deposition [34–38]). While the tech-
niques to introduce the residual stress in the thin film are of interest, it is 
not the focus of this work. Therefore, let’s assume the existence of the 
stress σ in the film causing its delamination and forming a straight 
buckle (as depicted in Fig. 1 b) where the buckle cross-section can be 
modelled as a 2D blister according to Fig. 1 a. Measurements of the film 
thickness h, buckle height δ and buckle half-width b together with the 
thin film Young’s modulus E1 and Poisson’s ratio ν1 can be then used in 
H&S model [20] to evaluate the adhesion energy Γ(Ψ) for the plane 
strain case: 

Γ(Ψ) =

(
1 − ν2

1

)
h

2E1
(σ − σc)⋅(σ + 3σc) (2)  

where σc denotes the critical buckling stress and for the case of plane 
strain it is defined as [20,39]: 

σc =
π2

12
E1

(1 − ν2
1)

(
h
b

)2

(3) 

The variable Ψ is the mode-mixity parameter denoting the mode II to 
mode I stress intensity factors (SIFs) KII to KI ratio and can be evaluated 
from the buckle height to width ratio ξ = δ/h and the phase factor ω 
[20], or from the initial stress in the thin film σ, the critical buckling 

stress σc and the phase factor ω [20,39]: 

tan(Ψ) =
KII

KI
=

4cos(ω) +
̅̅̅
3

√
ξsin(ω)

− 4sin(ω) +
̅̅̅
3

√
ξcos(ω)

=

cos(ω) + 1
2

( ̅̅̅̅̅̅̅̅̅̅̅̅
σ
σc
− 1

√ )

sin(ω)

− sin(ω) + 1
2

( ̅̅̅̅̅̅̅̅̅̅̅̅
σ
σc
− 1

√ )

cos(ω)

(4) 

Both solutions in (4) are equivalent and the use of a specific one 
depends on the known parameters. The first approach with ξ = δ/h re-
lates to the geometry of the buckle and approach using σc relates to a 
moment-force balance of the system. 

Model from Fig. 1a with solution through eqs. (2) - (4) assumes 
clamped boundary conditions on the sides of the model. However, for 
values of |α| above 0.5, the real deformation mismatch between film and 
substrate causes a deviation from the modelled assumptions. More 
recent works [40,41] present extensions to critical buckling stress and 
SIFs with additional terms accounting for the substrate compliance, 
leading to an explicit expression of the extended critical buckling stress 
σc* as a function of the buckle geometry, simplified critical buckling 
stress σc from eq. (3) and auxiliary parameters a11, a12 and a22: 

12b
πh

̅̅̅̅̅σc

σ∗
c

√

tan
(

π
̅̅̅̅̅
σ∗

c

σc

√ )

+ a22 −
a2

12

1 + a11
= 0 (5) 

The auxiliary parameters a11, a12 and a22 describe non-linear 
deformation of the buckle and they are defined by the tangential force 
F and bending momentum M in relation to the displacement u and 
rotation θ of the buckle at the delamination crack tip position according 
to coordinate system in Fig. 1a [40]: 

u(x = b) = a11
F⋅
(
1 − ν2

1

)

E1
+ a12

M⋅
(
1 − ν2

1

)

E1h
,

θ(x = b) = a12
F⋅
(
1 − ν2

1

)

E1h
+ a22

M⋅
(
1 − ν2

1

)

E1h2 .

(6) 

Parameters a11, a12 and a22 can be evaluated by solving integral 
equations of the whole system deformation or with the use of numeric 
evaluation [40,42,43]. This extended approach allows for a more reli-
able evaluation of the conditions at the buckle-delamination crack tip 
for case of |α| > 0.5 and β = 0. However, if cases with β ∕= 0 need to be 
quantified, a complex value of SIFs has to be used Ψ [20,39,44], leading 
to the full solution for the mode-mixity angle Ψ with the use of the 
extended critical buckling stress σc* from eqs. (5) and (6): 

tan(Ψ) =
Im

(
Khiε)

Re
(
Khiε

) =

cos(ω∗) + 1
2

( ̅̅̅̅̅̅̅̅̅̅̅̅
σ
σ∗c
− 1

√ )

sin(ω∗)

− sin(ω∗) + 1
2

( ̅̅̅̅̅̅̅̅̅̅̅̅
σ
σ∗c
− 1

√ )

cos(ω∗)

(7) 

While the inclusion of real deformation of the buckle through the 
parameters a11, a12 and a22 has an impact on the overall results, there is 
a negligible change in mode-mixity angle Ψ even for α → ±0.99 [40]. 

Fig. 1. Thin film buckling delamination: a) geometry of the model of the spontaneous buckling induced by compressive stress in the film with the central coordinate 
system denoted by red arrows (cross-section) [20]; b) top–view of a typical straight buckle – height profile. 
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Therefore, when the left side of the eq. (7) does not change, but the 
extended critical buckling stress σc* is used, the value of the phase factor 
will be different than for simplified model in eq. (4). Hence, it will be 
denoted as ω* for the extended model to avoid confusion in this 
manuscript. 

It should be noted that the full extended model of the buckling 
delamination has an impact also on the evaluated adhesion energy Γ(Ψ) 
e.g. in eq. (2). However, since the focus of this work is on the mode- 
mixity, other, non-related changes will not be discussed here. 

Assuming the above described model and relation of the buckles to 
the mode-mixity, the phase factor ω in simplified model and the 
extended phase factor ω* (with a11, a12 and a22) in the extended model 
are the only parameters related to the elastic mismatch between the film 
and substrate materials. The simplified phase factor ω was correlated 
with the Dundurs parameters (defined in eq. (1)) by Suo and Hutchinson 
[44] for the parameter α in the range between ± 0.8 and β in range 
between ± 0.4, however, with the use of an iterative method and for a 
rough resolution of data-points. For use in the H&S model in eq. (4), the 
phase factor ω was evaluated for a full range of α in two special cases: β 
= 0 and β = α/4, with the statement that for real material combinations 
“most of the (α, β) combinations fall between β = 0 and β = α/4” [20]. 
Moreover, in the section related to a one sided blister, the variation of 
the phase factor ω for different α and β values is marginalized. Mostly the 
case of no elastic mismatch, such that α = β = 0, is investigated more 
thoroughly, considering the phase factor as a fixed value of 52.1◦. 
Furthermore, forcing the mode-mixity parameter to only be a function of 
buckle dimensions. Therefore, evaluating the Γ(Ψ) via eqs. (2) and (3) 
does not consider the substrate material. The fact that there is a 
dependence of the phase factor ω on the material elastic mismatch and 
the simple relation between the tangent of the mode–mixity angle being 
the pure ratio of KII and KI stress intensity factors (4) is true only for β =
0 has been overlooked by many authors [45–49] ever since. 

Additionally, the assumption of real bi-material combinations being 
in the region between β = 0 and β = α/4 in the α-β space does not hold 
true for modern bi-material systems. As is depicted in Fig. 2, there are 
numerous material combinations surpassing the β = α/4 relation, with 

an extreme case for graphene film on SiO2 substrate leading to values α 
= 0.89 and β = 0.37. 

For the proper evaluation of the adhesion energy as a function of the 
mode-mixity angle Ψ and for the description of all possible material 
combinations the ω*(α, β) function has to be found, describing the full 
solution for the buckling delamination. Therefore, the numerical 
approach to evaluate mode-mixity as a function of Dundurs parameters 
in a general fashion is presented and compared with the available data. 

2. Methods 

The main focus of this work is to find a suitable theoretical solution 
for the mode-mixity angle Ψ and the extended phase factor ω* as 
functions of the Dundurs parameters α and β. Therefore, the core 
methods used were related to theoretical modelling and simulations. 
However, to demonstrate the influence of the elastic mismatch on the 
mode-mixity angle Ψ, devised models were applied on an example of 
real buckling delamination. Hence, presented work contains also an 
experimental part. 

2.1. Numerical model 

To properly asses the stress–strain concentration at the front of the 
delamination crack, a method allowing the calculation of the SIFs has to 
be used. An original approach by Suo and Hutchinson [44] examined the 
problem analytically, according to simple Euler’s beam theory. Such 
methodology introduced several implicit simplifications in a form of 
beam approximation and the use of the small strain theory in terms of 
continuum mechanics (see e.g. [59]). To avoid the repetition of meth-
odology and to provide more accurate results without the above- 
mentioned simplifications, the finite element (FE) method was used in 
terms of this work. All calculations were performed via Python code 
scripting within the Dassault Systèmes Abaqus 2019 code. 

The model retained the geometrical simplification in terms of using 
2D plane strain model with the use of one symmetry plane (see Fig. 3), 
but it allowed the full deformation of both film and substrate, leading to 
full, extended solution. The main features of the model were set as 
floating parameters to allow iterative calculations for numerous com-
binations of the film thickness h, buckle half-width b, residual stress in 
the film σ, film and substrate Young’s moduli E1 and E2 and Poisson’s 
ratios ν1 and ν2. The model was created as a half-infinite plane in order 
to avoid shielding effects of the boundaries. The actual delamination 
allowing to form a buckle was created as a prescribed crack in the 
film–substrate interface, without modelling any actual delamination 
process. This approach could be used since dissipation of the energy on 
thin film delamination does not have any influence on the SIFs at the 
crack tip in such case, and the only influences are from the geometry of 
the buckle and material parameters. The symmetrical boundary condi-
tion (displacement in the x-direction was fixed to 0) was set in the 
location of the symmetry plane of the model and the introduction of the 
compressive stress in the film together with the crack allowed in the 
model to form the buckle. 

Variation of the film and substrate elastic material properties yielded 
1129 unique α and β combinations, filling out the full range of possible 

Fig. 2. Comparison between bi-material systems presented in [20] and mod-
ern, widely-used bi-material systems depicted in α-β coordinates (filled circle 
data points, examples taken from various sources [50–58]); BPSG stands for 
Boro-phosphor-silicate glass, PI stands for polyimide, TF-MG stands for thin 
film metallic glass, FQ stands for fused quartz and HEA stands for high- 
entropy alloy. 

Fig. 3. Geometry model of the film-substrate system for the buckling simula-
tion (unbuckled, initial state). 
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material combinations (Fig. 4). The dataset included the auxetic mate-
rials with the negative Poisson’s ratio (for more information, see [60]). 
Several of the datapoints were calculated more than once with different 
buckle geometry and/or stress in the film to verify the assumed influ-
ence of the geometrical and stress parameters. The model was meshed 
with linear, plane strain elements (CPE4R, with a hybrid variation 
CPE4RH for cases with extreme values of used Poisson’s ratio, for more 
information, see [61]). To maintain a reasonable calculation time for 
high number of model parameters, but with precision accuracy, the 
optimal mesh size was found, consisting of 25 elements through the film 
thickness and the element size in the regions of interest (buckled part of 
the thin film and vicinity of the crack tip) in the direction parallel to the 
interface and through the substrate thickness was set to increase from 
0.05-times the film thickness up to 25-times the film thickness. It was 
also assumed that the nature of the buckling deformation does not 
involve any contact stresses causing the interpenetration between the 
film and substrate in the model. This assumption was checked and 
confirmed for the modelled geometrical, stress and material parameters 
used in this study, therefore, no contact elements had to be used, further 
improving the calculation times. 

As results, the geometry of the buckled film (buckle height, w and the 
lateral deformation of the buckle u) as well as KI and KII SIFs were used. 
The SIFs were obtained via the domain integration method [61–63]. The 
results were subsequently used in evaluation of the phase angle ω and 
extended phase angle ω* according to eqs. (3) to (7). The parameters a11, 
a12 and a22 were obtained via numerical calculations for each modelled 
case from the final buckle profile. 

2.2. Experiments 

Experimental measurements directly used in processing of the pre-
sented model to show and prove the impact of the Dundurs parameters 
and phase angle ω changes are evaluated on the example of four 
different, 100 nm thin Cu films delaminating from a glass substrate by 
means of a 500 nm thin stressed Mo overlayer, investigated in a previous 
work [32]. There, the Cu-glass interface adhesion was investigated as a 
function of four different Cu microstructures (obtained by using 
different deposition parameters and annealing treatments) having the 
same thickness and similar residual stresses that delaminated as straight- 
sided buckles from a glass substrate using a compressively stressed (-2 
GPa), 500 nm thick Mo overlayer. The resulting buckle dimensions 
(buckle width and height) were then determined using confocal laser 
scanning microscopy (CLSM) as shown in the height profile of such a 
buckle in Fig. 1b. Applying the H&S model for straight buckles [20] 

extended by the delaminating bilayer model proposed by Kriese et al. 
[66] mixed mode adhesion energies ranging from 2.35 J/m2 − 4.9 J/m2 

were obtained for the Cu-glass interface, depending on the Cu film 
microstructure. The experimental setup of the glass-Cu-Mo system is 
shown in Fig. 5. Hereafter, the experimentally obtained raw data from 
[32] (previous research of the authors) were used to validate the pre-
sented model. 

Additionally, the mixed mode adhesion energies Γ(Ψ) and mod-
e–mixity angles Ψ for assumed ω = 52.1◦ were taken from the original 
work [32] as well. Evaluation of the real Dundurs parameters was per-
formed with the assumption of equivalent Young’s modulus and Pois-
son’s ratio of the Mo-Cu bilayer with a 100 nm thin Cu film and a 500 nm 
Mo overlayer on top leading to thickness-weighed Young’s modulus E1 
= 285.3 GPa and Poisson’s ratio ν1 = 0.31. In combination with material 
properties of the glass substrate (E2 = 64 GPa and ν2 = 0.2), the resulting 
elastic mismatch was characterized by the Dundurs parameters α = 0.65 
and β = 0.26, showing noticeable mismatch between the elastic pa-
rameters of the thin film layer and substrate. In this case, using the 
thickness-weighed elastic properties of the top bi-layer is a viable 
simplification since the bi-layer deformation as a whole is the governing 
factor of the elastic mismatch influence on the mode-mixity. 

3. Results 

In general, all numerical models have to be verified. In the case of the 
presented model, the deformed geometry of the buckled film can be 
compared with experimental data measured on the similar type of 
buckling delamination. Lassnig et al. [32] performed spontaneous 
buckling-induced delamination experiments on Mo-Cu-glass system, 
producing straight and uniform buckles (Fig. 1b). The CLSM measured 
height profiles of the real buckles can be directly compared to the 
equivalent FE model, see Fig. 6. 

The modelled buckling behaves as expected, the buckle shape cor-
responds to a typical buckle shape and the stress field around the 
delamination crack tip exhibit standard mode I + II shape, as depicted in 
Fig. 6 (for reference see [64]). Furthermore, the direct comparison of the 
buckle shape between the experimental data and FE simulation in Fig. 7 
shows almost identical height profiles. Therefore, the correctness of the 
FE model has been validated. 

Additionally, there is a need to further prove the usability of the FE 
model SIFs results and the evaluation according to eqs. (3) to (7). Since 
there is no general way to validate the SIFs results, for this purpose, the 
ω(α, β) values from the simplified approach were compared with ones 
presented by H&S [20] for the case of the original spontaneous buckling 

Fig. 4. Modelled combinations of α and β parameters; blacked dashed lines denote the boundaries of the possible (real) material combinations, the blue dash-dotted 
lines divide the material combinations between materials with negative Poisson’s ratio (auxetic materials, see [60]) and “standard“ materials with positive Pois-
son’s ratio. 
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delamination. To demonstrate the change in phase factor when the 
extended solution is used, also the corresponding values of ω* are 
plotted alongside the simplified ω. 

A direct comparison of the simplified phase factor values ω for β = (0; 
α/4) in Fig. 8 shows a very good agreement between the original and 
new simplified approach. The slight difference between the numerical 
and original results for α > 0.8 is possibly caused by the more complex 
nature of the numerical FE model, showing small improvement in 
regards to original analytical solutions in [20,44]. It can be claimed that 
the assumption of the elastic beam theory, i.e., cross section perpen-
dicular to the neutral plane, is not violated despite the large de-
formations considered at the FE calculations. Additionally, when using 
the extended, more accurate approach, the extended phase factor ω* 
shows similar behavior as the original one, however, there is a slight 
shift towards higher values. This effect is more pronounced for higher 
α-values, as expected. This difference is caused by the fact, that for the 
extended model, the elastic mismatch is described not only by the phase 
factor, but also by the a11, a12 and a22 parameters evaluated from the 

real buckle deformation. This shows a necessity of the proper use of the 
phase factor value depending on the method which is used to assess 
adhesion alongside its values in full α and β range. This is further 
demonstrated when all data points (from Fig. 4) of directly evaluated ω 
and ω* values were fitted with a surface described by a polynomial 
function (fifth-degree polynomial in the α direction and third-degree 
polynomial in β direction) and its resulting contour plot is depicted in 
Fig. 9. 

4. Discussion 

While the widely used simplification assuming ω = 52.1◦ may be 
valid for a range of material combinations with use of the simplified 
model, the newly evaluated numerical results presented in Fig. 9a show 
that for possible film-substrate material combinations, the simplified 
phase factor can vary between 30◦ and almost 80◦, which is significantly 
different than previously assumed value of 52.1◦. Moreover, it has to be 
kept in mind that the simplified approach should be used for material 
combinations with α < 0.5, otherwise, a more general approach with 
assuming fully deformable model should be used. While it leads to the 
same mode-mixity values, the extended phase factor ω* shows deviation 
from the simplified model in whole α and β spectra (as also seen in 
Fig. 8). This difference is caused by the fact that the elastic mismatch 
influences not only the phase factor, but also the value of extended 
critical stress σc* through the film-substrate deformation. Despite the 
shift between ω and ω*, the extended model confirms a strong influence 
of the Dundurs parameters on the mode-mixity for real–life modern 
material combinations. This significant deviation is caused solely by the 
differences in the stress–strain fields within the different materials of the 
substrate and thin film. While the influence of the elastic mismatch on 
the mode I loading at the crack tip may be insignificant and the mode I 
loading is governed mainly by the buckle height and opening, the mode 
II is largely influenced by the differences in stresses on the film-substrate 
interface. The mode II governing stress is the shear stress component τ12 
[64] and because the interface dividing the different materials lies in the 
mode II deformation plane, it is the most influential mode. Therefore, 
through the mode II, the elastic mismatch between the film and 

Fig. 5. Visualization of the experiment from [32]: a) scheme and BF-STEM image of the as-deposited bi-layer, b) scheme and FIB cross-sections of the delaminated 
(buckled) film, showing the onset of the buckle on the FIB cross-section. 

Fig. 6. Deformed buckle from FE model with depicted equivalent (von-Mises) stress contours in MPa.  

Fig. 7. Comparison of the height profiles of the typical buckle from [32] and 
the FE model. 
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substrate causes the change in mode-mixity at the film delamination 
crack front in the case of the spontaneous buckling. 

It can be argued that the extreme ω values are present only in the 
regions of very rare material combinations. Indeed, it is intuitive that the 
larger the elastic mismatch, the higher the difference in mode-mixity. 
This may raise the question, if, despite the large range of ω or ω*, the 
assumption that usually used material combinations yield the phase 
factor close to the case with no elastic mismatch and original idea of ω =
52.1◦ (for extended model ω* = 53.99◦) can be still safely used? This can 
be easily answered by comparing the results in Fig. 9 with the α and β 
values for modern material combinations depicted in Fig. 2. 

The detailed results in Table 1 for real bi-material systems show that 
according to the presented numerical model (either simplified or 
extended), several material systems with even higher elastic mismatch 
show values of ω close to 52.1◦. However, there is also an extreme case 
of the molybdenum thin film on the polyimide substrate (Mo-PI) with a 
significant elastic mismatch leading to almost 41 % difference when a 
proper, extended model is used and compared to the value of ω*(0, 0) =
53.99◦. Additionally, five out of eleven examples exhibit the difference 
between 5 % and 20 %, which can be deemed significant enough to 
cause unforeseen errors in adhesion energy evaluation. 

In order to correctly assess the impact of the presented approach to 
phase factor, one additional point of view has to be accounted for. The 
phase factor has a direct impact solely on the mode–mixity angle Ψ and 
only through it, the ω or ω* has further implications. According to H&S 
[20], the mode–mixity angle is constrained in range Ψ ∈ 〈–90◦; 0◦〉 and 
when the buckle dimensions, σ to σc (σc*) ratio and/or phase factor ω 
(ω*) leads to angle Ψ outside of the allowed range, it should be assumed 
Ψ = -90◦, therefore, pure shear loading is present at the delamination 
crack front [20,39]. This criterion limits the influence of the elastic 
mismatch and ω (ω*) by literally annulling it for Ψ = -90◦ cases. While 
the pure mode II loading is a common factor for spontaneous buckling 
delamination, it is not unusual to experimentally observe spontaneous 
buckling with Ψ in range between − 90◦ and − 67.5◦, therefore, putting 
the phase factor influence back in effect. 

Since adhesion energy Γ(Ψ) is a function of the mode-mixity angle, 
proper evaluation of the mixity angle Ψ is needed for further assessment 
of the interface fracture criteria. As an example of the influence of the 
phase factor ω and extended phase factor ω* on the Γ(Ψ) function, the 
mode-mixity was evaluated for the case of real buckles on the Mo-Cu- 
glass system [32] with assumption of original model with ω = 52.1◦

(according to α = β = 0) and according to new numerical results leading 
to ω = 49.95◦ or ω* = 52.98◦ (for α = 0.65 and β = 0.26). While also the 
values of Γ(Ψ) should be evaluated using the extended model, they are 
presented only according to calculations with the use of the simplified, 
original model. The Dundurs parameters of this case are still in a region 

Fig. 8. Comparison of the phase factors ω and ω* for β = (0; α/4) between the new simplified and extended numerical models and original H&S model [20].  

Fig. 9. Plot of the resulting a) simplified phase factor ω and b) extended phase 
factor ω* obtained from the FE simulations as a function of the α and β pa-
rameters; regions of typical α and β combinations (see Fig. 2) are marked in red, 
blue and green ellipsis; color scale is the same for both cases. A slight shift 
between ω in a) and ω* in b) towards higher ω*-values as the same color scale is 
used for both simplified and extended models, similarly to results in Fig. 8, 
further discussed in Discussion section and Table 1. 
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where the influence of simplifications is small enough [43] and it is less 
confusing for a pure demonstration of change in mode-mixity. 

From Fig. 10, one can clearly see that only a small difference in phase 
factor (decrease by 2.15◦ for simplified model and by 0.92◦ for extended 
model) shifts the mode-mixity angle Ψ significantly. It should be noted 
that regardless of the Cu deposition process parameters and subsequent 
annealing, the film bi-layer material properties did not vary, therefore, 
all the four subsets have the same values α, β. Presented results show 
that with a lower value of phase factor, in comparison to the respective 
value for α = β = 0, the mode-mixity at the actual delamination crack 
front shifts to higher shear loading contribution. In the presented case, 
the shift in mode-mixity angle is approximately 2.5◦. While the indi-
vidual values of Γ(Ψ) are assumed to stay the same, the shift in their 
position (in regard to the mode-mixity) has a significant impact on the 
further evaluation of such results. Several semi-empirical functions 
describing the Γ(Ψ) are widely used to evaluate the pure mode I adhe-
sion energy ΓI (which can be substituted with GI,c) called the practical 
work of adhesion [65]. This result processing and the ΓI-value strongly 
depends on the mode-mixity angles Ψ related to individual measure-
ments. Therefore, to correctly evaluate the Γ(Ψ) as a function for 
calculating the practical work of adhesion, the mode-mixity dependence 
on the Dundurs parameters should be used. 

It has to be noted that results showed in Fig. 10 do not represent 100 
% accurate value for the measured data, due to the use of simplified 
approach to get the values of Γ(Ψ). Fig. 10 represents only a demon-
stration of the real impact in changes in the phase factor value. In order 
to accurately express the Γ(Ψ) function as a whole, more research has to 
be done. 

5. Conclusions 

Presented numerical approach showed a significant dependence of 
the crack front mode–mixity on the elastic material properties mismatch 
in the case of the spontaneous buckling–induced delamination, regard-
less of what approach is used. The set of widely used modern bi-material 
systems was shown to reach beyond a three decades old assumption that 
material combinations fall down between Dundurs parameters values of 
β = 0 and β = α/4. Moreover, the generalized numerical model was used 
to create an exact expression of the phase factor ω(α, β) and ω*(α, β) 
functions. Subsequent comparison of the true ω and ω* values with the 
calculations based on assumption of ω = 52.1◦ or ω* = 53.99◦ (values for 
no elastic mismatch) proved the existence of the significant influence of 
the phase factor and material mismatch on the mode-mixity of the 
delamination induced by spontaneous buckles. 
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